IN THIS note we shall show a formula that expresses the signature of a V-manifold by characteristic numbers. The V-manifold was introduced by Satake[8]. It is a generalization of the orbit space of a smooth finite group action over a smooth manifold. In this case the signature of the orbit space is expressed by:
STATEMENT OF THEOREM
We shall begin this section by reviewing the definition of V-manifolds, see Satake [8] . To define V-manifold we shall introduce a few categories. We denote by JZ the category of connected smooth manifolds and open embeddings. Definition. Let X be a paracompact Hausdorff space and Ikt '3 be a covering of X consisting of connected open subsets. We assume % satisfies the condition: (*) For any x E II II U', .U, U' E %, there is U" E % such that x E U"C U fl U'.
Let Y(a) be the subcategory of Y consisting of all the elements of all and the 76 TETSURO inclusions.
Then a V-manifold structure 9 0 Y = I,,,, (the identity functor). KAWASAKI V is a functor 7/': 5(Q)+ & such that lf 0%' is a refinement of Q satisfying (*). then there is a V-manifold structure 7r': S(sl') + As such that Y U "zr': S(% U %')+ AIS is a V-manifold structure. We consider Y and '?f' to be equivalent.
Such an equivalence class is called a V-manifold structure over X. So we may choose '% arbitrarily fine. In the above definition we can replace M by a category of manifolds with an additional structure such as orientation, Riemannian metric or complex structure. We understand that the morphisms (and the symmetries) preserve the specified structure. So we can define oriented, Riemannian or complex V-manifolds. Let (X, 7r) be a V-manifold.
For each U E %, we denote Y(U) = (Gu, 0). We are given an identification U = GIG". We call G" a local transformation group and the whole system (G", o)-* U as a local uniformizing system. If there is a specified coordinate on 0, we call U (or 0) a coordinate neighbourhood.
Example. Let G be a Lie group and let M be a smooth manifold with a smooth G-action.
We assume: (i) For any x E M, the isotropy subgroup G, is compact. (ii) For any x E h4, there is a smooth slice S, at x. (iii) For any two points x, y E M such that yE Gx, there are slices S, and S, such that GS, n GS, = 0.
(iv) The dimension of G, is constant over M. Then the orbit space X = M/G is locally homeomorphic to S/G,. Over X we have a V-manifold structure
Here the indices move over all points x E M and all slices S, at x. K, is the normal subgroup of G, representing the principal orbit type.
Remark. All V-manifolds are presented by the above example with G = O(n) (n = dim X) and K, trivial.
Let (X, Ccr) be a V-manifold.
We may assume, for each x E X,. there is a coordinate ne.ighbourhood U, of x such that v( 17,) = (G,, ox) is an open disk neighbourhood of the origin x in a linear representation (G,, R"). On an open dense subset of X, G, = { 1). We call such a point to be regular. If G,# {I}, x is called sing&r.
The set XX of all singular points is not a V-manifold in general. But we can consider. CX as an immersed image of a disjoint union of V-manifolds. There are two ways to do it. The first one is: Let (1) = (H:), (H,'), . . ., (EZxu*) be all the orbit types of (G,, ox]. then $X has a V-manifold structure Yz, defined by: We call this partition the canonical stratification of X.
The other way to resolve ZX is: Let (1) = (hz), (h,'), . . ., (hxPr) be all the conjugacy classes of elements of G,. Consider the set of pairs:
$X = {(x, (hLj))lx E XX, j = 1,2, . . ., pJ.
By a similar argument as before, we have:
is the centralizer of h:' in G,).
Then we have a V-manifold structure Yxx on 3X defined by: Next we shall define V-bundles.
We regard a smooth fibre bundle as a structure over a smooth manifold.
It is pulled-back by an open embedding. We denote 8 the category of smooth fibre bundles and bundle maps over open embeddings.
Then we have the category 8s of smooth fibre bundles with finite symmetries.
The object of kYs is a smooth fibre bundle E + A4 with an effective action of a finite group GE. GE acts on M but not effective, in general. So the forgetful functor 9: &Ys + ./us defined by (GE, E --, M)H(G, M) may reduce the symmetry.
Definition. Let (X, Sr) be a V-manifold. A V-bundle $2 over (X, Y) is a functor 9:
Y(U)+ %s such that 9 0 9 = '3f. If Sl(S(%)) does not reduce the symmetry, we call 6% to be proper. These are non-proper V-bundles.
We consider sections of a V-bundle E + X. A section s: X + E is called smooth If X is oriented, we can define the integration of an n-form over X. Locally it corresponds to the integration over a fundamental domain.
PROPOSITION. There is a natural isomorphism between the pth singular cohomology group HP(X; R) of topological space X and the pth de Rham cohomology group of V-manifold (X, 'If):
The exterior products in fit correspond to the cup products in H*(X; R).
Like a V-manifold with a structure, we can define V-bundles with connections. For a vector V-bundle with a linear connection we have characteristic forms by Weil homomorphism.
The cohomology class of a characteristic form is independent of the choice of the connections.
So we have the Euler class for oriented vector V-bundles. the Chern.classes for complex vector V-bundles and the Pontrjagin classes for real vector V-bundles.
Remark.
Characteristic classes are also defined through the transgressions in the Serre spectral sequences with Q-coefficients of associated Stiefel V-bundles. So the above characteristic classes are defined over the rationals. 
ANALYTIC LEFSCHETZ FIXED POINT FORMULA
As we have seen in the introduction, the signature theorem for V-manifolds and the G-signature theorem are closely related. To prove the Theorem for V-manifolds, we have to prove G-signature theorem without using global theories such as cobordism theory or K-theory.
We shall begin this section under a general framework. Let M be a closed manifold of dimension n and let g be an element of a compact transformation group over M. Let E+ M be a g-equivariant complex vector bundle. We assume that there is a g-invariant smooth measure over M and there is a g-invariant Hermitian fibre metric over E so that we have an inner product on the vector space %"(M; E). Let z2(M; E) be the completion of this space. Consider a g-invariant, self-adjoint, positive-definite, elliptic pseudo-differential operator A of positive order m, operating over %Y(M; E). We consider A as an operator over 9*(M; E). Then the spectrum spec Here r is a path beginning at -00, passing along the negative reals to a small circle around the origin, then clockwise around the circle and back to --oo along the negative reals. By the relation A'+' = A'A, the family {A'} is analytically continued to an entire family.
The operator A' is a pseudo-differential operator of order mz. So, for Re (mz) < -n, A' has a continuous kernel K,(x, y). Then &'(z) is given by: is well-defined for A in a ieighbourhood of the negative reals (including r). We may assume the action of g on x is linear, or more strongly:
(i) The coordinate x decomposes into x'= (x,, x2) = (xl', x1', . . . , xl"', x2', x22, . . ., x29) such that Ug is defined by x2 = 0 and g acts on x2 by an orthogonal matrix gB.
(ii) Over U, there is a trivialization ElU = U x Ck and g acts on Ck by a unitary matrix gs. is a regular local invariant of (My, yo), (v,, h,, V,) and (Q, he, VB)'s. Then by Gilkey [5] or by a direct computation analogous to Atiyah, Bott and Patodi [2] , we have: "9(g, M) is given by a universal polynomial in the Pontrjagin forms of (Mg, yo), the Euler form and the Pontrjagin forms of (v,, V,) and the Chern forms of (Q, V,) for 0 < 8 C 3r." We can determine this universal polynomial by examining over the complex projective spaces with lunar g-actions.
The result is the well-known G-signature theorem:
Sign (8, M) = (Ug, ML [Mgl).
In this form, the both sides are independent of metrics or connections.
$3. PROOF OF THEOREM
For a while we shall consider a general theory of elliptic operators over Vmanifolds.
Let (X, 7r) be a V-manifold and let E, F be (complex) vector V-bundles over X. First we define smoothing operators. We denote g = Horn (E, (A"(), that is, the tensor product of the dual V-bundle E' of E and the line bundle (A"1 of measures over X. So a section CL of l? gives a measure (CL, a) for a section u of E. Consider the external tensor product FEI ,?? over the V-manifold X x X. A C'-section K(x, y) of FRI I? gives an operator T: %'D,,(X; E)+ gvk(X; F) defined by:
We call K the kernel of the operator T and we call T a smoothing operator if k = 03. We call a linear map D: %'",(X; E)+ VV"(X; F) to be a pseudo-differential operator of order m if, for each U E bu, there is a Gu-invariant pseudo-differential operator fit,: U,"( 0; 8,) + %"( 01; FU) of order m such that: For any smooth partition of unity {cp~} subordinate to % and a family {+u} of smooth functions satisfying cput+Qu = cpu and supp Jlu C U, the difference D-B cp,,I& is a smoothing operator.
Let D be a pseudo-differential operator of ordUer m. If Re (m) < -n -k, then the operator D has a C'-kernel (k = 0, 1,2,. . .). In fact, each fir_, has a C&-kernel R&Z, 9) over 0 x 0, then Kdx, Y) = c tg-'9 l)R"W, y'), ( Now we consider about zeta functions. We assume that there is a Hermitian fibre metric over E and there is a volume over X so that we have a Hermitian inner product over VV"(X; E). Let A: U,"(X; E)+ %;(X; E) be a self-adjoint, positivedefinite, elliptic pseudo-differential operator of positive order m. Then we have the complex power A' and the zeta function l*(z) defined by: which is defined locally by the usual signature operators.
Since the *-operator in 0% induces the Poincar& duality as a rational homology manifold, we have:
"gn fx) = ind (D+) = I, d(ZA+ -zA_) + $, 6 I,, d(Z:+ -z;_).
We know ZA, -ZA_ and Z:, -Z:_ in terms of characteristic forms, assuming that the Rismannian metric y on X is induced from the Hermitian normal bundle structure of v(ZX). So we have to choose y to satisfy the assumption in 82 at the same time for all g E Gv. But this is always possible by constructing dimensional strata of the canonical stratification of X.
y inductively from the lower
